Contracting the h-deformation of SL(2, R), we construct a new deformation of two dimensional Poincaré algebra, the algebra of functions on its group and its differential structure. It is also shown that the Hopf algebra is triangular, and its universal R matrix is also constructed explicitly. Then, we find a deformation map for the universal enveloping algebra, and at the end, give the deformed mass shells and Lorentz transformation.
Introduction
Deformations of the Poincaré group have recieved considerable interest in recent years [1] [2] [3] . These deformations may be considered as the authomorphisms of the quantum deformed space-time. Although a general theory of quantum deformations of inhomogenous quantum groups is lacking, there are attempts for constructing these non-semisimple groups [1] [2] [3] [4] [5] . As we know, there are at least three distinct deformations of the Poincaré group in four dimensions. The first is q-P(4), introduced by Ogievetsky et al. [1] .
The second one is κ-P(4), introduced by Lukierski et al. [2, 3] . This κ-P(4) is obtained by a contraction method. There exist another deformation which is constructed in [6] . A natural question to ask, is the number of distinct deformations of P(4).
It seems easier to consider the two dimensional case. In fact, the first step for constructing inhomogeneous quantum groups is related to the q-analog of two dimensional Euclidean group [7] [8] [9] . There exist two distinct deformations of E(2), both of which can be obtained from SU q (2) by a contraction procedure [7, 9, 10] ; neither of them has a universal R mtrix. In two dimensions, however, there exist two distinct deformations of SL(2), the well-known q-deformation, and the h-deformation [11] [12] [13] [14] [15] [16] [17] [18] [19] . The h-deformation itself can be obtained from the q-deformation by a contraction procedure [19] .
In this article we obtain a new deformation of P(2) from the contraction of the h-deformation of SL(2, R). First, we construct the deformed universal enveloping algebra U µ (p(2)), the deformed algebra of functions on the P(2), and its differential calculus. Then, we show that U µ (p(2)) has a universal R matrix, and explicitly construct the universal R matrix. It is seen that this Hopf algebra is triangular. This is the distinguishing feature of this deformation of P (2), note that the other deformations of E(2) don't have universal R matrices. We also give a deformation map which relates the commutation relations of U µ (p(2)) to their classical counterparts. This can be used to study the representation theory of U µ (p (2)).
Finally, we give the deformed mass shells and finte Lorentz transformation for energy and momentum in light cone coordinates.
µ-Deformation of the two dimensional Poincaré group
The h-deformation of SL(2, R) has the following structure. The deformed algebra of functions, SL h (2) is generated by the enteries of the matrix
and has the following Hopf algebra structure.
The deformed universal enveloping algebra is generated by three generators X, Y , and H. The Hopf algebra structure, as first introduced by Ohn [14] , is the following.
[
These two Hopf algebras are dual. The duality is
Now we use the following contraction to obtain a new deformation of P(2) and U (p(2)). For U h (sl(2, R))
we define
As we shall see, P ± , are the deformed momenta in the light cone coordinates, and K is the deformed Lorentz boost. In the ǫ → 0 limit we get the following Hopf algebra which is a deformation of U (P(2)).
To obtain the deformed algebra of functions, we use the known duality (11) , from which we conclude that the corresponding contraction in the algebra of functions is
Expressing the commutation relations of SL h (2, R) in terms of these new generators, and going to the
The four generators of SL h (2, R) are not independent since the determinent of M must be equal to one.
This leads to
The calculations for the co-product, co-unity, and antipode is straightforward. For completeness, we write them here.
The differential structure of P µ (2) can be obtained in the similar way. One can use differential structure of SL h (2), applying the same contraction proccess in the level of differentials too. To construct differential structure one should use the following relations [20, 21, 16 ]
where
All the remaining relations are commutative. After the contraction (23), results in;
3
Universal R matrix
A quasitriangular Hopf algebra is a Hopf algebra with a universal R matrix satisfying
where σ is the flip map:
the Hopf algebra is called triangular [22] .
Vladimirov [18] has considered the subalgebra of U h (sl(2)) generated by the two generators X and H and has found the following universal R matrix for this subalgebra.
Expressing this R matrix in terms of the new generators, and going to the ǫ → 0 limit, we get the following R matrix.
We have used the following notation.
We will show that this is the universal R matrix for U µ (P(2)). First, it is seen that this matrix is not singular. Second, as Vladimirov's R matrix, (30), satisfies the quantum Yang-Baxter equation, the relations (27), and alsoR
it is obvious that this new R matrix also satisfies the quantum Yang-Baxter equation, the relations (27), and also
Now we want to prove that R is indeed the universal R matrix of the whole algebra U µ (P(2)).
We are to prove that E = 0. To see this we use the commutation relation of P − and K, and the fact that ∆ and ∆ ′ are homomorphisms of the algebra:
and,
which yields
On the other hand, using Hausdorf's identity, we have
It is easy to see that the commutator of A with a term like
is a linear combination of other terms of this kind. Moreover, if f and g are analytic functions around π + = 0, the commutator is also analytic around π + = 0. Using these, one can write
where C := m,n≥0
and
The first relation leads to m,n≥0
Now, suppose that at least one of the C mn 's is nonzero. Then, it is easy to see that there exists a pair (m 0 , n 0 ) such that
Expanding the relation (43) in powers of π + , and equating the coefficients of
both sides of the equation, one arrives at
or,
So, if one can show that C 00 = 0, it implies that C = 0. The same argument is also true for D. this means that if E is zero up to zeroth order of π + , it is zero to all orders of π + . But we have
This completes the proof that this Hopf algebra is quasitriangular,
Now it can be easily shown that (29) is indeed satisfied for the R matrix (31). This shows that U µ (P (2)) is triangular.
Deformation map
Following the idea of [23] one can find a deformation map for the U µ (p(2)) which reads as follows:
where π ± and K belong to the classical, i.e. undeformed, algebra. A simple calculation shows that the commutation relations (13) result from the commutation relations of the classical case. However, the co-product structure are not related in this way. This deformation map can be used to study the representation theory of U µ (p(2)) as in the case of κ-Poincaré algebra [24] . A furthure remark is that, as in the case of κ-Poincaré algebra, the deformation map is singular for certain values of P + if µ is imaginary, because in this case the hyperbolic functions are replaced by trigonometric ones.
Mass-shells and finite boosts
The casimir of U µ (p(2)) is
To obtain finite boosts we postulate that K transforms any operator according to
One can solve the system of differential equations
and get
where m is the mass, i.e. C 2 = m 2 . As one expects, the µ → ∞ limit of these are the familiar Lorentz transformation of energy and momentum in light cone coordinates. For imaginary µ, π + is an angle variable. Figuers (1) and (2) show the mass-shells for real and imaginary µ. Note that, the topology of the light cone has changed in the case of imaginary µ. One can compare this with the κ-deformation of the Poincaré group [2] , the Casimir of which reads
Finite boosts for the κ-Poincaré are worked out in [25] . The result is something in terms of Jacobi elliptic functions. A point is that, in four dimensional κ-Poincaré, one can set all the generators, except P 1 , P 0 , and L 1 , equal to zero, and arrive to the two dimensional κ-Poincaré, which is the Lorentz counterpart of E l (2), introduced in [10] . It may be possible to find a deformation of the four dimensional Poincaré group containing, in the same fashion, U µ (p(2)).
